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I INTRODUCTION

The purpose of this investigation has been to develop a finite-
element model and a computer program for the dynamic andlysis of flat,
laminated plate structures. The finite-element model uses the quadrila-
teral to define the shape of the element in the plane of the plate and
the thickness direction is represented by arranging a number of these
elements to describe the necessary number of material layers. Each
material layer can be assigned different material properties and the
computer program is designed to allow for maximum of twelve layers,
however, this can easily be increased or decreased. In the detail de-
velopment of the model each quadrilateral element is further subdivided
into four triangular elementsl,Z,

The model in this analysis is nonlinear since it allows for material
yield effects and for large plate deflections. The large deflection ef-
fects are introduced by assuming that the transverse displacement is
large compared to the two displacements in the plane of the plate. ' This
leads to second order terms in the strain-displacement relations. The
yield effects are introduced because it is intended that the application
of this model will be in the situation where the loads are large enough
to produce stresses beyond the elastic limit. Consequently, the present
analysis allows for elastic-plastic material properties which are intro-
duced into the model by checking the yield for each element and when the
yield is exceeded, the state of stress in the element is adjusted by using
the plasticity flow rule. This is done by checking for yield at each time
interval used in the numerical integration of the dynamic equations.

The dynamic equations for the plate are obtained by lumping the
mass of the plate into the nodal points of the finite-element model.
This leads to a set of concentrated masses distributed in the plane of
the plate and in the thickness direction. The solution to these equations
is obtained numerically in the computer program. In the preliminary ver-
sion of the program three different integration techniques are investigated.
These include an iterative approach, a finite-difference method, and
a predictor-corrector method. Based on some results obtained for simple
dynamic problems, it was found that the fastest methods were the finite-
difference and the predictor-corrector with the iterative approach being

1Zienkiewicz, 0. C., "The Finite Element Method in Engineering
Science,'" McGraw-Hill Publishing Company, London, 1971.

2Przemieniecki, J. S., "Theory of Matrix Structural Analysis,"
McGraw-Hill Book Company, New York, 1968,



the slowest. This of course does not imply that the same results would
be obtained for all dynamic problems, however, in the present investi-
gation it was necessary to limit the number of versions of the computer
program and, theréfore, it was decided to prepare two final versions
using the finite- difference and the predlctor -corrector methods of
integration. ;

The analysis which has been developed is quite general and corres-
ponding computer program could be used for a wide class of problems
and loading conditions. Various loading conditions can be generated
by supplying user subroutine to define the load in space and time,
However, the present versions of the program is setup for partlcular
load which involves a distributed pressure on one surface of the plate.
This pressure can be specified as a function of time and of the inplane
coordinates.

IT THEORETICAL DEVELOPMENT

Finite-Element Model

The present analysis is intended to handle thick, plate-like’
structures, which are composed of different material layers in the
thickness directions. The plane of the plate is parallel to the x-y
coordinates and the thickness is represented by the z direction as shown
in Figure 1. The analysis is developed in terms of these Cartesian co-
ordinates. The shape of the finite elements is defined by a general
quadrilateral in the x-y plane and each element has a constant thickness
in the z direction with the limitation that no element will contain more
than one material. Each layer of the material can therefore be repre-
sented by one or more elements in the thickness direction.

A typical element is shown in -Figure 2. Each quadrllaterél element
is subdivided into four triangular elements with the node in the center
being a temporary that will later be eliminated by static condensation.
A general triangular element is shown in Figure 3. The nodal numbering
system for each quadrilateral element is also given. There are three
degrees of freedom at each node. '

The first step in the finite element analysis is to assume a suitable
displacement function over each triangular element. The displacement func-
tions chosen for this analysis are ,

u=0t1+c:2

Gy * 95

a, + Qg
where o, i=1,9, and B,, i = 1, 9, are unknown coefficients. This
dlsplacement function is 11near in planes parallel to the x-y plane and
varies linearly with z through the thickness of each element. Writing
Equations (1) at each of the six nodes of a triangular element results
in eighteen equations which can be written in matrix form as

X + 0y + 0z (Bl+ Box + Bgy)

L}

v x +ay +z (8% Bx+ Bey)

W X + agy + 2z (Bt Box + Bgy) (1)
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{6} = [C] {a} ' (2)

where {8} denotes the nodal displacements, [C] is a known constant mat-
rix depending on the local nodal coordinates, and {a} is the vector of
unknown coefficient o, and Qi defined in Equations (1). Solving for {a}
results in

{a} = [c]"! {8} ' (3)

It may be noted at this time that as a consequence of choosing the dis-
placement variations as given by Equations (1), the inverse of the [C]
matrix in equation (3) can be performed analytically thereby leading to
an appreciable saving in numerical work. The present analysis is de-
signed to account for nonlinear effects arising from large deflections

of the plate. In order to account for these deflections analytically,

it is assumed that the deflections and rotations out of the plane of

the plate are larger compared to those in the plane of the plate. The
resulting non-linear strain-displacement relations are therefore given by

au 1 . ow.2
e "X 7 R
oav 1 .3w.2
€22 = 3y * 7 Gy
_ow 1 .3u.2 v, 2 ‘
€xg =5+ 5 [G7)7 + (57)7] | _ (4)
_du _ 9v ow, oW
eyt G0 Gy
_ v ow
€23 “ 32 T 5y
e L B
31 T 9x = dz

Equations (4) may be written in term of linear and nonlinear terms. Using
matrix notation

ted = e} + {ef} : (5)
where ' .
(b= &% 1 @7, Lyt &Y,
%ﬁ-’%;-, 0, 07 | | -

Dynamic Equations

The next step in the finite element model derivation is the calcu-
lation of the virtual change in the internal work of the structure due to
virtual changes in the nodal displacements. The virtual change in the in-
ternal work due to the stresses is given by an integral over the volume of

7



a particular element. This can be represented by v
T . ' _
;= } ate}T o) av . 8
v S

where dW. represents the virtual change in the internal work, de}T-is the
transpos% of the matrix representing the virgual changes in the strains,

and {0} is the matrix of the stresses. The quantity V represents the volume
of the element. The first step in obtaining the integral in Equation (8)

is to derive the expression for the virtual changes in the strains. Using
Equation (5) written in two parts ' : ' .

. N ‘
d{e} = d{eo} + d‘{EL} , ) _ (9)
Consider first the linear strain component of virtual strain d{e }. By ‘
using the definition of {e } given by Equation (6) and the displacement
function in- Equations (1)} 1t is possible to write . : '
{Eo} = [Q] {a} R (10) ’-:\
where [Q] is a matrix whose'elementé are functions of x, y and.z. By
combining Equations (3) and €10} it follqws J
{so} = [Bq].{ﬁ} (11)
where the [B ] matrix is defined as
-1
[B,] = [Q] [C] (12)
By introduéing the virtual change of nodal displacements-it follows thét
d{eo} = [B] d{8} ‘ _ (13)
where d{8} are changes in the nodal displacements.
Consider now the virtual change in the nonlinear component of strain
d{eL}. Consider Equation (7) which can be rewritten in a different form
1 .
{eL} = 5 [A] {a} | (14)
where the new matrices in Equation (14) are defined as follows
- . '
oW
3; 0 0 0
-
ow
0 Ty 0 0
[A] = 0 0 % av
9z 9z
dw  ow -
13y 3x 0 0
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R

- _ o ow aw du Bv T (15)
{e}'[—:'g'y‘s a_zs ]
It may be noted that using Equations (15) the straln {e,} has only four
elements while the original definition of {e¢ }, in Equaklon {(5), has six
elements. However, it may be noted from the original definition that the
last two elements {e,} were identically zero and consequently {g,} in
Equation (13) repres%nts only the non zero part of the original Strains.
The virtual change in the strain {E } can be written as

d{eL} = i-d[A] {8} + E-[A] a{e} _ (16)
However, by using Equations (15) it can be shown that

S[A] 16} = [A] 48} - | 1n
therefore -

d{e } = [A] a{6} : - : (18)

By using the definition of d{8} it is possible to write
d{e} = [x] d{8} (19)

It may be noted at this stage that the matrix [A] contains the coordi-
nates x, y, z and some of the unknown coefficient &, and B, defined in
Equations (1). During the programming of this analysis for numerical cal-
culations, it was found convenient to write Equatlon {19) in slightly dif-
ferent form .

dfe } = [2] [C] a{68} (20)
where obviously

[2] [€] = [A] [X] (21)
The matrix {C] in Equation (21) is actually related to the matrix [C]_
defined in Equation (3) and [Z] contains the varlables X, ¥, z and the
a and B coefficients.

Returning to Equation (8), the internal work term can be written as

= d(6}7 J (8,17 {o} av
\'

+ a{s}’ @ J 1217 {o} av | (22)
v ,
The stress matrix {oc} is defined as follows
T ‘
{o} = [ 01, 055, O350 9150 Tpg Oyl (23}

However, it may be noted that in the second integral in Equation (22) only
the first four stresses from Equation (23) are needed. By combining the
two integrals in Equation (22} it is‘'possible to write



SW; = a(si | (81T {a} dv . | (24)
v

where {g} is defined according to Equation (23).

In addition to the work donme by internal forces in each finite ele-
ment, Equation (24), there is work done by the forces at the eight corners.
By denoting these forces by the matrix {f}, the external virtual work
done is obtained in the form

aw - ds8)T {£} - : (25)

Since the external forces on each element are in equilibrium with the stresses
within the element it follows from the principle of virtual work that

GWI + SWE =0 {26)

and therefore

{f} = - J [B]T {o} av (27
v

The next step in the analysis is to obtain the matrix equilibrium
equation for the total structure. Before this can be done, it is necessary
to introduce the inertia effects. In the present analysis the mass of the
structure is lumped at the nodes. Each side of the triangular element
shown in Figure 3 is bisected and these center points are joined to the
center node which defines the apex of the four triangular elements previously
defined in Figure 2. .By performing this step the original quadrilateral has
been divided into four smaller quadrilaterals and each of these contains two
of the eight nodes of the element. The mass of each smaller quadrilateral
portion of the element is obtained by multiplying the area of the quadri-
lateral by the thickness of the element in the z direction-and by the ma-
terial density and this mass is distributed equally to the two nodes.
Following this procedure, the mass matrix for the total structure is ob-
tained by summing masses at each structure node from the adjacent elements.
The resulting matrix is diagonal.

The next step of the analysis is the summation of forces at each node
of the structure. The forces acting on any node from the adjacent elements
are obtained from Equation (27). The sum of these forces can be represented
for the total structure by a matrix which will be denoted by {F.}. The
additional forces which affect the system are the external forces. The pre-
sent model will allow for these to be surface pressure forces, which vary
with space and time. Using the principle of virtual work these pressure
loads are transformed to an equivalent set of concentrated nodal forces.
These forces will be denoted by a matrix {F_}.  Using the two forces the
matrix equilibrium equation can be written In the form

M) {8} = (F,} + {F;} (28)

where [M] is the mass matrix, and {A} represents the global displacement
matrix with the double dot denoting the second time derivative. 1In the
present investigation the solution to Equation (28} is obtained using
numerical integration methods which will be described in the next section

10
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of this report.
ITI NUMERICAL ANALYSIS

The solution of Equation (28) is obtained by using two different
numerical integration techniques. These two different methods include a
finite-difference approach and a predictor-corrector method. Both of these
methods were used to prepare two different versions of the computer pro-
gram. A brief description of both of these methods is given below,

Finite Difference Method

The numerical solution of Equation (28). by the finite difference
method involves the replacement of the time derivatives by finite difference
equivalents 3,4,5, In this approach the time history is .divided into dis-
creet intervals whose length will be denoted by h. For convenience any
general element of the displacement vector {A} at a given time will be
represented by the quantity x with a subscript defining the time interval.
From the general theory of kinematics, the velocity and displacement re-
lations are written for nth and (n+l) th time intervals as follows

. . h ... .

n = %1 7 2 (xn-l * xn] (29)
1 2 - 2-- "

R hxn_1 + GE - B)h X 1% Bh X . (30)

- _+ _h. . hou

X1 = % te X vy X . (31)

M 1 2. 2..
X =%t h x o+ (5-—B)h X o+ Bh S {32)

where X, §, and x represent acceleration, velocity and displacements at
the time intervals denoted by the subscript,

Equations (29) and (31) mean that the velocity at the end of the in-
terval is equal to the sum of the velocity at the beginning of the interval
and the product of the length of the interval, h, and the average of the
accelerations at the beginning and end of the interval. Equations (30)
and (32) are obtained by integrating Equations (29) and (31) and introducing

) 3Newmark, Nathan, M., "A Method of Computation for Structural Dynamics,™
Journal of the Engineering Mechanics Division, ASCE, July, 1959,
4Chan, 5. P., Cox, H. L., and Benfield, W. A., "Transient Analysis
of Forced Vibrations of Complex Structural-Mechanical Systems,' Journal
of the Royal Aeronautical Scociety, July, 1962,
5Wu, R., and Witmer, E. A., "Nonlinear Transient Responses of
Structures by the Spatial Finite Element Method," AIAA J., August, 1973.
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the acceleration parameter, B, to.express the acceleration at- the be-
ginning and end of the interval. For example, 8 = = means that the
acceleration during the interval is constant and is equal to the mean .
of the accelerations at the beginning and end of the time interval.

The B parameter is known as the generalized.acceleration

parameter and its value is chosen in the numerical calculations to
insure convergence and stability of the numerical results. According
to previously published results”it has been found that in order to insure
stability and convergence the value of this parameter should be kept in
the range of 0 < B < 1/4. The different values of this parameter are
suitable for different types of dynamic problems, however, when B = 1/4
the stability limit on the integration time interval is infinite. Con-
sequently, this value of B should be suitable in most dynamic problems.

At t = (n+1) h, nh, and (n ‘1)h, respectlvely, the equation of moticen,
Equation (28}, becomes -

[M] {A}n+1 B {FI% n+l - {FE} n+1
(M} {A}n - {FI} . {FEE n : (33)

[M] {A}n-l - {FI% n-1° {FE% n-1

By combining Equations (29) to (33} it can be shown, see Appendix A, that
this leads to the following difference equation for the displacement at
the n+l1 time interval

M1{a} ., = 2M1{a} - [M}{A}

SIS VLI TC SRR L SR BN €15

»

¢ BhE(RY Ly e (/B - DR L TR D)

Equation (34) is used in the computer program to calculate the dlsplace-
ment at the time interval n+l from the response at the two previous time’
4intervals n and n-1. In applying Equation (34) it is assumed that the in-
ternal force {F } is dependant on the streésses calculated at the time
interval n. Thée’ pHy51cal interpretation is that the analysis treats the
internal force as a step function rather than as a continuous force. This .
can be illustrated by a curve shown in Figure 4, which represents a force
constant over each time interval. Obviously thls is an approximation,
however, as the time interval decreases this curve will approach a con-
tinously varying function.

It may be noted that. Equatlon (34) can not be appliéd to the first
time interval since {A} does not exist.  Consequently, in the beginning
of this solution procedﬂre the displacement at the end of the first inter-
val must be formulated in terms of the initial velocity and initial

12
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displacement since these are the only known quantities. It is possible to
use the following starting procedure

2 P
] {8}, + B0 -{F l) = M) (&)
1 2
- (G- B)h° GIF;} 3 MIn (A}

+ BhZ (P} o% - 8)[1]n? (P} (35)

where [I] is the unit matrix. Equation (35) is derived in a manner similar
to Equation (34).

Thus, the general procedure is to start with Equation (35) in order
to obtain the displacements at the end of the first time interval and
subsequently use Equation (34) to obtain the displacements at later times.

(Note that when B = 0, this method reduces to the central finite difference
method. ) '

Predictor-Corrector Method

In general, predictor-corrector methods involve using a truncated for-
mula to 'predict' the value of the unknown and then applying a more accurate
'corrector’ formula to provide successive improvements.

The predictor-corrector subroutine used in this analysis is named DHPCG
(Hamming's Predictor-Corrector Method) and is from the IBM- Scientific Spb-
routine Package which also gives a detailed explanation of the procedure .
In brief, Hamming's Predictor-Corrector method gives an approximate numeri-
cal solution to a first order linear ordinary differential equation with
given initial conditions. It is a stable fourth order procedure in which

the user may vary the step-size. DHPCG also estimates the local truncation
error.

Elastic-Plastic Analysis

The present analysis allows for elastic-plastic response of the struc-
ture. Because of practical considerations each finite element is assumed
to be either elastic or plastic. However, the stress strain relation which
can be written in a matrix form as .

{o} = [0] {e} , | (36)

6Ralston, A., and Wilf, H. S., "Mathematical Methods for Digital
Computers,' Wiley, New York, 1960, p. 95-109.

13
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predicts that the stresses will vary within each element since {c}, as
given by Equation (5) is‘a.function of the coordinates. In order to have
one representation yield criterion for each element, a numerical proce-
dure was adopted, which™is used in Equation (36), which averages the. :
stresses over each elemerit. These average stresses were used in.evaluating C Rt
the internal nodal forces .in Equation (27). o o

The Mises-Hencky yieldﬁgriterions is used to determine if plastic
flow has occured in any given elément. The stresses and strains, which
here will be denoted by indicial notation at time t and the displace-
ments at time tn+ are known.. From this information the stress increment " a
at time tn+i‘is cdlculated from the elastic constitutive relations,

that is, o 5 . - ‘ ‘ .
T _ _E Yon v .
(49350 o1 © T [ @000 * T25 @oidner 855 (37)
The total stress at‘tn+1 is ) _
T T
(0..) = (0..) + (Ao, .) : : o (38)
13741 17, ij A+l .

where the superscript 'T' denotes.a trial stress state and (0..J§+1 is the
total trial stress at time t 41 (Ui.) is the total stress atttime tﬁ,
and (Ao..)T is the trial s?ress.in&rgment at time t_ ..
_ ij n+l ' : n+1
The Mises-Hencky yield function is given by

- -2
$ =585 02 | (39)

where Sij are the deviatoric components of stress, that is,

= 1 o
$i5 %5 "3 %k Sij e
and 0 is the known uniaxial yield stress of the material.
Substituting Equation (37) into Equation (38) gives.
T ) T T 2
$ nel = (Sij) n+l (Sij) el " 3 oyZ _ (41)
If @T < 0 then the trial stress state is in the elastic region and no v

plast?c flow has occured. In this case the total stress is given by Equa-
tion (38) or '

a. . o..) + (Ao, .
( 13)n+1 = (,IJ)n ( lJ)ﬁ+1 (42)
If ¢T > 0 then plastic flow has occured and the stress increments is

not tgtally elastic as was assumed. The stress state must lie on.the yield
surface as specified by the theory of perfect plasticity. To calculate the
new stress state, the strain increment is broken down into elastic and =9
plastic components, that is, E

14



(Be) = (80 + 8y )P (43)
1) nse1 3 ne1 n+l

where the superscripts 'e' and 'p' denote the elastic and plastic components,
respectively. From the incompressibility condition of plasticity and by
the flow rule, the plastic strain increment is given by’

e, )P = s, 07 % - (44)
- e 1 e ' :

where A is a real nonnegative scalar quantity.
Combining Equation (44) with Equation (37} the stress increment is

E 'K ‘ ) T 3] (45)
Bepy 835 = 5450 par A

(Bo;i) = 1o lBey5 o ek

n+l

and the actual stress at time tn+1

T T

©..) = (0..) - (5..) A* . (46)

1 el 17 ne1

where
A* = AE/1+y

The quantity A* may be determined from the fact that (0 in Equation
(46) must satisfy the yield criterion that is ¢ = 0. %sgl%utlng Equa-
tion (46) into Equation (39) and solving for A* gives

C

A* = -
B+v/ BZ - AC 47

where for convenience the following parameters were introduced

A= 0T st

n+l

T . T
SCA TS B S I

T T

-202=9 (48)

C= (0..) (0..) i (o y '+ 1

137 n+l *Tij’ n+l T 3 ki

Computer Program Inputs

The computer programs for the two different versions of integration
have been designed to have the same type of -input cards. The description
of the input cards is given in Appendix B. The two versions of the com-
puter program are quite similar as seen from the flow charts shown in
Figures 5 and 6, which are for the integration finite-difference and pre-
dictor-corrector methods respectively. These charts show the main subroutines

15



whereas some third level subroutines have been left out for clarity. It

can be seen that all of these programs utilize an automatic mesh genera-
tion which is done in MESH and POINTS. The differences are in the second
part of the program, which starts with the subroutine DIFF. In the finite-
difference approach, this subroutine is in the Loop 1, which is on the
time interval. Inside of DIFF there is a second loop called Loop 2. In
predictor-corrector method Loop 2 checks for yield only. In the predictor-
corrector method the subroutine DIFF is not in a time loop since the sub-
routine DHPCG automatically cycles through all the time intervals.

In order to illustrate the actual program arrangement, a listing
is given in Appendix C of the program corresponding to the finite-dif-
ference method. The plate load is'specified by a Subroutine DISFOR
which has to be supplied by the user of the program. This subroutine
converts the distributed load to equivalent concentrated nodal forces.
This subroutine is called for each quadrilateral element in the loaded
plane of the plate and it calculates the value of the distributed load FF(I),
I =1, 4) for each corner of the quadrilateral and for a given time para-
meter TIME. The conversion to concentrated forces is then automatic.

Solution of Laminated Plate

In order to check the accuracy of the dynamic plate analysis it was
decided to apply the finite-difference approach to the analysis of the
dynamic response of a laminated plate which was tested experimentally at
the Ballistic Research Laboratories. The results of this test were reported
recently’ where comparison was also made with numerical calculations per-
formed with a hydrodynamic code called HEMP.

The laminated plate consists of three layers, two of steel and. one
of aluminum, The plate has a rectangular shape 250 x 500 mm, and is
supported at the four corners by resting on four posts. The plate was
loaded by exploding a circular explosive at the center of the plate and
the measurements consisted of optical measurement of the plate deflection
on the side away from the explosive.

In order to model the experimental configuration by the finite-ele-
ment plate program, it was necessary only to consider one quarter of the
plate because. of symmetry. Each layer of the plate was represented by
eight rectangular elements as shown in Figure 7. Although this is a re-
latively coarse grid, it was considered to be sufficient in order to de-
termine whether or not if the present analysis would produce answers of
the correct order of magnitude. The pressure load was applied at the four
nodes closest to the center of the plate by converting the pressure to
time-dependant concentrated forces. These pressures were supplied by the
BRL and were numerically obtained from the HEMP hydrodynamic program.‘.

The four points at which the loads were applied are indicated in Figure 7.

IMajerus, J. N., and Karpp, R. R., "Dynamic Behavior of Multi-
Layered Plate Due to an Intense Impulsive Load,' Proceedings of the
Second International Conference on Mechanlcal Behav10r of Materials,"
Boston, Mass., August, 1976.
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Since a relatively coarse finite-element grid was used this force distri-
bution can only be considered as a rough approximation.

The numerical calculations were performed using a time interval of
0.25us, and the calculations were performed up to 60us. At this time the
load was almost equal to zero since its decay is quite rapid. The deflec-
tion of the plate was calculated by averaging the deflection at the four
nodal points at which the forces were applied and which are indicated in
Figure 7. It was considered that this average would be more representa-
tive of the actual displacement, because of the relatively coarse finite-
element grid. The results of these calculations are shown in Figure 8,
where they are compared with the experimental results and the results cal-
culated for the bottom plate by the hydrodynamic code HEMP. The experimental
results are available only for the bottom part of the plate, which is op-
posite from the loaded surface. The results from the present analysis are
shown for both the top and the bottom surfaces. Considering the coarsness
of the trid, it is amazing that good agreement has been obtained between
experimental and numerical results

IV CONCLUSIONS

The method of analysis developed in this investigation have been
successfully programmed for numerical calculations. Two different
numerical integration of the dynamic equations. The relative merits. of
these programs can be stated at this time in terms of comparing applica-
tion to relatively simple problems. In these applications. it was found
that the finite-difference method was the faster method although the
disadvantage of this approach is that it is much more prone to numerical
round off errors depending on the choice of the time interval size. The
predictor-corrector method has a variable time interval which is auto-
matically reduced according to some specified error limit.

17
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Figure 3. Nodal Numbering System
for a Triangular Element.
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MAIN

2
MESH
|
Toop 1 POIHTS
DIFF Integrates differential equations
e
Loop_ 2 STIFF Assemble I B {o} + {8}
INT Evaluate {8} _,+ alsl 4
STRESS Calculate {o}
YIELD Check for plﬁstic flow
Modify existing stresses
MODIFY for plastic flow
I

Figure 5. Computer Flow Chart for Finite Difference Method
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MAIN
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DIFF
STIFF
DHPCG
. FCT
STRESS
YIELD

Calculatesstiffness matrix

IBM PREDICTOR-CORRECTOR
SUBROUTINE

CalculatesR.H.S. of
equations

Calculates {o}"

Checks for plastic flow

Figure 6. Computer Flow Chart for Predictor-Corrector Method
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APPENDIX A
DERIVATION OF DIFFERENCE EQUATION QF MOTION

This Appendix shows the derivation of Equation (34). Consider
Equations (33)

[M] {A}n+1 = {F:[}n‘+.l + {FE}n+1 _ _ : (A1)

Ml &} = (R} + {FE}n ; ' (A.2)
M) (A}, = (R} e {R) | (A,3)

Applying the kinetic relations, Equations (31) and (32) to the displacement
vector {A} gives for t = (n+1)h

{8}

‘n+l

- hoov e . | ‘ .
A} + 5 (Al +{ak 1) (A.4)

and

{a}

o ) 5o
nep = (A1 + h{A}n + (- 8) h{a}

+ th{ﬁ}n+l (A.5)

Similar expressions are obtained for t = nh by using Equations (29) and (30)

l'-' . h b N .- . I .
hy = thy e Bemy ety (a.6)
and
(6}, = )+ nd} |+ G- Bnla)

+ Bh2{a} ' | (A.7)
Multiplying Equation (A.2) by 2(% - B)h2 gives

20% . B)hz[M]{E}n = 2(% - B)h2 {FI}n + 20% - B)h2 {FE}n (A.8)

27



Multiplying Equations (A.l) and (A.3) by_th results in

BrZpa (A}, = BAA(F;) e BhARY B (A.9)
and
2. 2 PR
n“[M]{a} _, = Bh" {F;} , + 8h {FE}H_1 : i (A.10)

- Adding Equétions (A.8), (A.9), and (A.10) éivés
, . , - ,
Bh”[M]{A} , +2(; - BIRT[M]{A} + Bh M1{a}
- gh2Ey) L+ 2G5 - ORPE) + BhT(RY )
+ th{FE}n+1 + 20% - B)hz{FE}n * th{FE}n_l (A.11)

orT

[M]{hz[s{K}n+l v 26 - B} + 8L} 1)

Bh [{FI n+l (%' - 2){F1}n * {El}n-ll
s enl[E) ¢ g - DR+ (FpY ] (A.12)

Consider the bracketed term in Equation (A 12), and let it be denoted
by "Term 1," then

Tern 1= n2(8)_ + 26 - BnP(a} + n?(a}

From Equation (A.5) _ .

nlg(a)_, = {a} - (&) - nid) - G- B)hziﬂ}n. » (A.13)
Substituting Equation (A.13) in Term 1 results in

Tern 1= (8}, - {8} - nid) - G - ©nial

e 2¢ - BA) + BlAY
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1]

g
@}, - @} - nidl o+ G- Bl

+

-
an?(a}__

| cop2 -
(8}, - {8}, - nid} + 5= Gk,

n’
7

2 2 h*
Bh°{A} + BhT{A} ., + a} ;= - {ah 4

2 " L1}
s h - .
{8}, - {8}, - n{a} « 5=({a} + {8} )

- Bn%{a)_ - ik - B){A)_ ) (A.14)

+

From Equation (A.6)
h2 . . . . _
B-ctad, + 48}, ) = h(lhY, - (A )) (A.15)
From Equation (A.7)
2,5 2.1 " ety
- Br°{A} - WGz - B){a} ) = A}, +h{A} o - {A}) (A.16)
Substituting Equation (A.15) and (A.16) in Equation (A.14) gives.

Term 1 = {4} | - {8} - nik} + n{d} - nid}  + {a}  +nid) | - (8}

and after cancelling terms,

Term 1= {a} . - 2(A} + {8} | | (A-17)

Therefore, upon substituting'Equation (A.17), Equation (A.12) may
be written as :

M) ({8}, - 208} + (a} .}
= BNPEE e - D) (Fpd e {RL) )

+ {F,) G - DI+ (7} ] (A.18)

+
n+l

29



Rearranging Equation (A.18) gives
I8}, - BhCRY ) = 20){a}
» (1 - 28) hz{FI}nr - MIta)
. th{FI}n_i'
.‘+ hz(B{FE}n;i + (1 - 28){Fh, + BIF L))

which is the same as Equation (34).
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APPENDIX B
COMPUTER PROGRAM INPUT

CARD DESCRIPTION
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18 3

TITLE CARD

Format (20A4) Title (Title for particular case)

CONTROL CARD

Format (415)

Columns 1-5
6-10
11-15
16-20
PRINT CARD 1-5

NUMMAT (Number of different materials; 6 maximum)
NUMLA (Number of layers; 12 maximum)

NLINC (Number of load increments with time;

NLINC > 1) o

IPLOT (Plot parameter, 1 if plot parameter, 1

if plot required)

NPRINT_(Number of intervals between printing)

INTEGRATION PARAMETER CARD

‘Format (F10.5, E15.7, I 10)

Columns 1-10 BET (B, acceleration parameter or Newmark's parameter,
0 <B < .25
11-25 H (Time-step size)
26-35'LINC (Magnitude of load increment)

MESH GENERATION CONTROL CARD

Format {515)

Columns 1-5
6-10

11-15

16-20

. 21-25

MAXI (Maximum value of I in mesh; 25 maximum)
MAXJ (Maximum value of J in mesh; 100 maximum)
NSEG (Number of line segment cards) '
NBC (Number of boundary condition cards)

NMTL (Number of material block cards)

33



LINE SEGMENT CARDS.

The order of line segment cards is immaterial, except when plots are
requested; in this case, the line segment cards must define the perimeter

of solid contlnuously

‘The order of line segment cards defining internal

straight lines is always 1rrelevant . .

Format (3(213, 2F8.

Columns 1-3
4-6
7-14
15-22
23-25
26-28
29-36
37-44
45-47
48-50
51-58
59-66
67-71

If the number in column

0
1
2

5
s

3,1

I coordinate of st point.

J coordinate of 1lst point . |
R coordinate of lst. péint .-
Z coordinate of lst point -
I coordinate of 2nd point

J coordinate of 2nd point

R coordinate of 2nd point

Z coordinate of 2nd point

I coordinate of 3rd point

J coordinate of 3rd point

R coordinate of 3rd point

Z coordinate of 3rd point
Line segment type parameter

71 is

Point (input only lst point).
straight line (input only lst.and 2nd points).

- straight line as an internal diagonal (input

only lst and 2nd peints).

circular arc specified by lst and 3rd points
at the ends of the arc and 2nd points at the
mid-point of the arc.

‘circular arc specified by 1st and 2nd points at -

the ends of the arc with the coordinates of the
center of the arc given as the 3rd point (delete
I and J for 3rd point). :
straight line as a boundary dlagonal for which

I of 1st point is minimum for its row and/or

I or 2nd point is minimum for its row (input
only 1lst and 2nd points).

straight line as a boundary diagonal for which

I of Ist point and/or 2nd point is maximum for
its row (input only 1st and 2nd points).

Note: In specifying a circular arc, the points are ordered such that a
counter-clockwise direction about the center is obtained upon
moving along the boundary.

34



BOUNDARY CONDITION CARDS

Each card assigns a boundary condition code to a block of successive
nodal points starting with N1 and ending with N2, inclusive.

Format (215, I10)

Columns 1-5 Starting node number N1
6-10 Ending node number N2
11-20 Boundary condition code

If the number in columns 11-20 is;

0 node is not restrained (program assigns
' automatically) -

1 node is restrained in x direction

2 node is restrained in y direction

3 node is restrained in z direction

4 node is restrained in x and y directions
5 node is restrained in y and z directions
6 node is restrained in z and x directions
7

node is restrained in x, y, and z directions
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MATERIAL BLOCK ASSIGNMENT CARD

Each card assigns a materlal definition number. to a block of elements
deflned by the I, J coordinates. One, card for'each layer.

Format (115 3F10.0)
Columns 1 5
6-15
16-25

26-35

PLOT TITLE CARD*

Format (20A4)

1

Material definition number (1 through 6)
Material principal  property inclination angle
BETA in X-Y plane

Material principal ‘property 1nc11nat10n angle

CALPHA in N-T plane

Yield stress 1n this materlal 1ayer

Columns 1-80 Title (Title printed under each plot)

PLOT GENERATION INFORMATION CARD*

Format (2F10.0)

Columns 1-10
11-20

RMAX (Maximum x coordinate of mesh)
ZMAX (Maximum y coordinate of mesh)

Note: Use only if IPLOT = 1 (plot required)
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MATERIAL PROPERTY INFORMATION CARDS

The following group of cards must be specified for each material
(maximum of 6). '

a. MATERIAL IDENTIFICATION CARD
Format (I15, F10.0)

Columns 5 Material identification number
1

1-
6-15 Mass density of material (if required)

b, MATERIAL PROPERTY CARDS

First Card
Format (6F10.0)

Columns 1-10 Modulus-of'elasticity,.EN

11-20 Modulus of elasticity,-Es

21-30 Modulus of.elasticity, E

31-40 Poisson's ratio, Vs

- i L i
41-50 Poisson's ratio, VNT

-6 i ' i
51-60 Poisson's ratio, Vo

Second Cafd
Format (3F10.0

Columns 1-10 Shear Modulus, GNS

11-20 Shear Modulus, GST

21-30 "Shear Modulus, GTN
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: .

 CHe
CEY

LAYER THICKNESS CARD

. i

Format (12F5.3) ) X

Columns = 1-5 ', TH(1) (Thickness.of:layer 1)
6-10 ~ TH(2) (Thickheéssiof+layer 2) -

11- 15_, "TH(3) (Thickness of layer 3)
etc up to TH (NUMLAJ "-5 T
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APPENDIX C

COMPUTER PROGRAM
LISTING FOR THE
FINITE DIFFERENCE PROGRAM
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